Abstract. In this paper, we give the Cartan ′ s formula for half-lightlike submanifolds of Lorentzian manifolds and use it to show that a screen homothetic half-lightlike submanifolds of a Lorentzian space form, with a conformal co-screen distribution are locally a lightlike triple product manifolds. Then we give a classification theorem for half-lightlike submanifolds of Lorentzian space form with constant screen principal curvatures. These results extend some results obtained in the case of lightlike hypersurfaces of Lorentzian manifolds ([1]).
Introduction
It is well known that the intersection of the normal bundle and the tangent bundle of a lightlike submanifold of a semi-Riemannian manifold is not trivial( [5] ). Thus, one cannot use, in the usual way, the classical submanifold theory to define any induced object on a lightlike submanifold. To overcome these difficulties in degenerate geometry, Duggal and Bejancu ( [5] ) introduced a non-degenerate screen distribution (or equivalently a null transversal vector bundle) so as to get three factors splitting the ambient tangent bundle. Then, they derived the main induced geometric objects such as second fundamental forms, shape operators, induced connections, curvature, etc.
The class of lightlike submanifolds of codimension 2 is composed of two classes by virtue of the dimension of its radical distribution (dimension that is either 1 or 2) , named by half-lightlike and coisotropic submanifolds ( [4] , [6] ). A codimension 2 lightlike submanifold is called a half-lightlike submanifold if dim(Rad(TM)) = 1. For more results about half-lightlike submanifolds, we refer the reader to ([8] , [9] , [7] ).
We know that the shape operator plays an important role in the study geometry of submanifolds. In the case of half-lightlike submanifolds, there are three shape operators (A N * Aξ and A L ) and there are interrelations between these geometric objects and those of its screen distributions. The shape operators A N and A ξ are Γ(S(T M ))-valued, but not A L . Moreover, the shape operators A N and A L of a halflightlike submanifold are not necessarily auto-adjoint, but the operator * Aξ of the screen distribution is diagonalizable. In [1] , C.Atindogbé, M.M. Harouna and J.Tossa prove the so-called Cartan , s fundamental formula for lightlike hypersurfaces and use it to show that a screen conformal lightlike hypersurface of a Lorentzian Euclidean space is locally a lightlike triple product manifold. They also give a classification theorem for lightlike hypersurfaces of Lorentzian Euclidean space with constant screen principal curvatures. In this paper, we generalize those studies on half-lightlike submanifold case. The article is organised as follows: in section 2 we brief basic informations on half-lightlike submanifolds following closely the approach in ( [5] ). In section 3, we prove the Cartan's formula for half-lightlike submanifold. In section 4, we use this formula to show that a screen homothetic half-lightlike submanifolds of a Lorentzian space form, with a conformal co-screen distribution are locally a lightlike triple product manifolds. Then we give a classification theorem for half-lightlike submanifolds of Lorentzian space form with constant screen principal curvatures.
Preliminaries on half-lightlike submanifolds
In this section, we present basic notions on differential geometry of half-lightlike submanifold manifolds. A full discussion of this content can be found in ( [4, 5, 6, 7, ] ).
Let (M , g) be a (m + 2)-dimensional semi-Riemannian manifold of index q ≥ 1 and (M, g) a lightlike submanifold of codimension 2 of M . We say that M is a half-lightlike submanifold if the dimension of the radical distribution Rad(T M ) is one. It is well known that the radical distribution is given by Rad(T M ) = T M ∩ T M ⊥ , where T M ⊥ is called the normal bundle of M in M . Thus there exist two non-degenerate complementary distributions S(T M ) and S(T M ⊥ ) of Rad(T M ) in T M and T M ⊥ respectively [5] , which are called the screen and co-screen distribution respectively on M . Thus we have
and
where ⊕ ⊥ denotes the orthogonal direct sum.
Since S(T M ) is non-degenerate, we have the decomposition
Thus, it is easy to see that
It is obvious to see that S(T M ⊥ ) ⊥ is also a non-degenerate distribution and Rad(T M ) is a subbundle of
Denote by ltr(T M ) the vector subbundle of S(T M ⊥ ) ⊥ locally spanned by N . Then we have: 
Let P be the projection morphism of T M on S(T M ) with respect to the decomposition (1). For any
, the Gauss and Weingarten formulas of M and S(T M ) are given by
respectively, where ∇ and *
∇ are induced connection on T M and S(T M ) respectively, B and D are called local second fundamental forms of M , C is called the local second fundamental form of S(T M );
A N , * Aξ and A L are linear shape operators on T M of lightlike transversal bundle, radical bundle and screen transversal bundle respectively. τ, ρ and φ are 1-forms on M .
is the second fundamental form tensor of M . Since the connection ∇ on M is torsion-free, the induced connection ∇ on M is also torsion-free, and then B and D are symmetric tensors on Γ(T M ). But ∇ is not metric, since using (8), we have
, it is obvious that B and D are independent of the choice of a screen distribution. However, we note that both B and τ depend on the section ξ ∈ Γ(Rad(T M )). In the case we take ξ * = αξ, it follows that N * = 1 α N . Hence we obtain
The above three local second fundamental forms of M and S(T M ) are related to their shape operators by
for any X, Y ∈ Γ(T M ). From (16), (17), (18), we see that B and D satisfy 
A semi-Riemannian manifold M of constant curvature k is called a semi-Riemannian space form and denote it by M (k). The curvature tensor R of M (k) is given by
It is then obvious that
The Ricci curvature tensor of M , denoted by Ric is defined by
Locally, Ric is given by
where {E 1 , · · · , E m+2 } is an orthonormal frame field of T M and ε i = ±1 denote the causal caracter of respective vector field E i . Consider the induced quasi-orthonormal frame field {ξ, W a } on M , where Rad(T M ) = span{ξ} and S(T M ) = span{W a } and let E = {ξ; W a , L, N } be the corresponding frame field on M . Then, by using (28), we obtain
Let Ric denote the induced Ricci tensor on M given by:
Using the quasi-orthonormal frame {ξ, W a } on M , we obtain:
Substituting the Gauss-Codazzi equations (21) in (30) and using relation (16) and (18), we obtain
This shows that Ric is not symmetric. Using (33) and the first Bianchi's identity, we obtain:
From this relation and the relations (21) and (25), we have
). Then, the induced Ricci curvature on M is symmetric if and only if each 1-form τ is closed, i.e dτ = 0 on any neighborhood U ⊂ M .
Remark 2.1. If the induced Ricci tensor
Ric, on M is symmetric, the 1-form τ is closed by theorem2.1. Thus, by Poincaré lemma, there existe a smooth function
If we take ξ * = αξ, then by setting α = exp(f ), we get
We call the pair {ξ, N } on U such that the corresponding 1-form τ vanishes the canonical null pair of M .
,

Definition 2.1. A half-lightlike submanifold (M, g, S(T M ), S(T M ⊥ )
) of a semi-Riemannian manifold is screen locally (resp., globally) conformal if on any coordinate neighborhood U (resp., U = M ) there exists a non-zero smooth function ϕ such that for any null vector field ξ ∈ Γ(T M ⊥ ), the relation
holds between the shape operators A N and * Aξ of M and S(T M ), respectively. In particular, if ϕ is a non-zero constant, M is called screen homothetic.
It is easy to see from (16) and (18) that a half-lightlike submanifold M is screen conformal if and only if the second fundamental forms B and C satisfy
Cartan ′ s formula for half-lightlike submanifolds
In this section, we first consider a half-lightlike submanifold
As a direct application of the Gauss-Codazzi equations for M and S(T M ), we have this proposition.
Denote by R the curvature tensor of the induced connection ∇ on M by the Levi-civita connection ∇ on M (k). For any X, Y, Z ∈ Γ(T M ), we have:
Remark 3.1. From relations (8) and (70), we get that any half-lightlike submanifold
, with a conformal co-screen distribution is an irrotational submanifold, but the opposite way is wrong.
In the sequel, we consider a half-lightlike submanifold M of an (m+2)-dimensional Lorentzian manifold (M (k), g) of constant curvature k. For this class of screen conformal and irrotational half-lightlike submanifold M , the screen distribution S(T M ) is Riemannian (Proposition4.2.2 of [7] ), integrable ( Theorem4.4.4 of [7] ) and the induced Ricci tensor on M is symmetric ( Corollaire4.4.11 of [7] ). Then, according to remark2.1, there exists a pair {ξ, N } on U satisfying (5) such that the corresponding 1-forme τ from (9) vanishes. Since ξ is an eigenvector field of * Aξ corresponding to the eigenvalue 0 and *
Aξ is Γ(S(T M ))-valued real symmetric, *
Aξ has m − 1 orthonormal eigenvector fields in S(T M ) and is diagonalizable. Consider a frame field of eigenvectors {ξ,
We call the eigenvalues λ i the screen principal curvatures for all i.
In the following, we assume that all screen principal curvatures are constant along S(T M ) and τ = 0. Consider the following distribution on M :
). If we assume that the 1-forme τ from (9) is identically null, then for any X ∈ Γ(T M ), we have:
Aξ is symmetric with respect to g, i.e
g((∇ X
Proof
Since the and τ = 0, (10) of proposition3.1 give (i) .
From (26), it is obvious that R(X, Y )ξ = 0; and then equation (25) give
From equations (39) and (40) we get (ii).
That give as (iii).
From (i), (iii) and (42), we get (iv)
That give (v).
). If we assume that the 1-forme τ from (9) is identically null, then
Proof Let Z ∈ Γ(T M ) and X, Y ∈ Γ(T λ ). From (ii) and (iv) of lemma3.1, we have: 
By the fact that
we conclude that α = 0, and then we obtain * Aξ * ∇X Y = λ * ∇X Y ; and then, we conclude that * ∇X Y ∈ Γ(T λ ). Now, let X, Z ∈ Γ(T λ ) and Y ∈ Γ(T µ ). From (v) of lemma3.1, we have:
Otherwise, from (iv) of lemma3.1 we have
Since, from (1) we have * ∇Z X ∈ Γ(T λ ) for any X, Z ∈ Γ(T λ ), then by (49) we get g(∇ Z X, Y ) = 0. So, from relations (48) and (49), we obtain
Hence
Now we prove the following theorem which extends Cartan ′ s fundamental formula on half-lightlike submanifold of Lorentzian manifolds with constant curvature. 
Theorem 3.1. Let (M, g, S(T M ), S(T M
Moreover, if the screen is conformal with conformal factor ϕ, then for all ∈ {1, · · · , m − 1},
Proof From (1) of proposition3.1, and relations (16) and (70), we have:
Also, we have:
then, using (14) and lemma3.2 for λ i = λ j , we get:
Otherwise, from (53), we have:
by (55) and (56), we have:
Using (v) of lemma3.1, we get:
thus, we have
Finally, we have
Application
A vector field X on a semi-Riemannian manifold (M , g) is said to be conformal vector field if there exist a smooth function σ on M called potential function such that L X g = 2σg, , where the symbole L X denote the Lie derivative with respect to the vector field X, that is,
for any X, Y, Z ∈ Γ(T M ). In particular, when a potential function σ associated to a conformal vector field X is identically null, we said that X is a Killing vector field. A distribution D on M is said to be a conformal distribution if each vector field belonging to D is a conformal vector field.
If the co-screen distribution S(T M ⊥ ) is a conformal distribution, using (10) and (17) we have
Therefore, we obtain
A vector field X on a semi-Riemannian manifold (M , g) is said to be a Killing vector field if L X g = 0.
Definition 4.1. A distribution D on a semi-riemannian manifold (M , g) is said to be a Killing distribution if each vector field belonging to D is a killing vector field.
For a half-lightlike submanifold (M, S(T M ), S(T M ⊥ )) of a semi-Riemannian manifold (M , g), it is easy to see that the co-screen distribution S(T M ⊥ ) is a Killing distribution if and only if D(X, Y ) = 0 for any X, Y ∈ Γ(T M ).
The if S(T M ⊥ ) is a Killing distribution we have:
for all X, Y ∈ Γ(T M ).
Proposition 4.1. Let (M, g, S(T M ), S(T M ⊥ )) be a half-lightlike submanifold of a semi-Riemannian manifold (M , g). Then, the co-screen distribution S(T M ⊥ ) is a conformal distribution if and only if D(X, Y
) = −σg(X, Y ) for any X, Y ∈ Γ(T M ).
Let (M, g, S(T M ), S(T M
)) be a half-lightlike submanifold of a semi-Riemannian manifold (M (k), g) of constant curvature k, with a conformal co-screen distribution. Then, by proposition4.1 and relations (17)and (19), we have:
A semi-Riemannian manifold (M , g) is said to be equipped with a non-trivial closed conformal vector field X, if for a certain smooth function σ ∈ C ∞ (M ), we have
Where ∇ is the Levi-Civita connection associated to the metric g on M .
It is obvious that a closed conformal vector field is a conformal vector field, but the opposite way is wrong. From (9) and (70), we have the following 
Proof Let X, Y, Z ∈ Γ(T M ). As M has a constant curvature k, we have g(R(X, Y )Z, ξ) = 0. Then, considering the relation (21), we get:
Also, using relations (21) and (24), we have:
Therefore, from relations (74) and (75), we have:
Replacing Y by ξ in the last relation, we obtain this theorem. 
If the ambient manifold
A screen conformal half-lightlike submanifold of a semi-Riemannian manifold (M (k), g) of constante curvature k, with a conformal co-screen distribution, have a symmetric Ricci tensor Ric, by (77). Proof If M has two distinct screen principal curvatures α and β, then it exists p ∈ {1, · · · , m − 1} so that
Theorem 4.2. Let (M, g, S(T M ), S(T M
Since M is screen homothetic with a conformal co-screen distribution, then using relations (36) and (70), the relation (61) became
Then, according to the remark4.1, we get:
From (2) 
where
and the normal bundle is T M ⊥ = span{H 1 , H 2 }, where
then H 1 ∈ Rad(T M )and H 2 ∈ S(T M ⊥ ). Thus Rad(T M ) and S(T M ⊥ ) are of rank 1. Remark that
}, and S(T M ⊥ ) = span{L = H 2 } the null transversal vector field N is:
The null transversal bundle ltr(T M ) and the screen distribution S(T M ) are:
By direct computation, we get
Then, M is irrotational and has two distinct screen principal curvatures λ = − and µ = 0. On the other hand, it is easy to see that:
then,
it follow
which proves that M is irrotational screen homothetic half-lightlike submanifold, with conformal factor 1 2 and the 1-forme τ = 0.
Example 4.2. Let M be a submanifold in R 6 1 given by:
Then, we have:
By straightforward calculation, we get
Thus, M is irrotational and *
Aξ V
Then, M has two distinct screen principal curvatures λ = − 1 x 1 and µ = 0. On the other hand, we have:
it follow that
By (99) 
and then,
Consequently,
which show that the co-screen distribution S(T M ) = span{L} is a Killing distribution. 
Remark that
The null transversal bundle ltr(T M ) is ltr(TM)=span{N}.
By direct computation we get:
Thus, we deduce that M is irrotational and:
Then, M has two distinct screen principal curvatures λ = − 
So, M is not a screen homothetic half-lightlike submanifold. Otherwise, we have:
Which show that the co-screen S(T M ⊥ ) = span{L = H 1 } is not conformal. This shows that a screen conformal and co-screen conformal distribution are just a sufficient condition for a half-lightlike submanifold with two distinct screen principal curvatures then one must be zero.
In the sequel, we consider a screen homothetic half-lightlike submanifold M of an (m + 2)-dimensional Lorenzian manifold (M (k), g) of non-positive constant curvature k, with a conformal co-screen distribution S(T M ⊥ ), whose screen principal curvatures are constant along S(T M ). We assume that M has exactly two distinct screen principal curvatures. Then, by theorem4.3, one of them must be zero. We denote by λ the non-zero screen principal curvature and r the multiplicity of λ. The sets, define the distributions of dimensions r and dimension m − r, respectively. From ( [7] ) and the remark3.1, it is obvious that if M is a screen conformal half-lightlike submanifold of a Lorentzian manifold (M (k), g), with a conformal co-screen distribution, then the screen distribution S(T M ) is Riemannian and integrable. By the theorem4.2, we have that the induced Ricci tensor on M is symmetric. Moreover, a screen conformal half-lightlike submanifold is locally a product C × M ′ where C is a null curve, M ′ is an integral manifold of S(T M ) ( [8] ). We have the following local decomposition. 
